Abstract. Let E be an elliptic curve defined over a finite field Fq of odd characteristic. Let = 2 be a prime number different from the characteristic and dividing #E(Fq). We describe how the -adic valuation of the number of points grows by taking finite extensions of the base field. We also investigate the group structure of the corresponding -Sylow subgroups.
Introduction
Let q be a power of a prime p = 2 and let E be an elliptic curve over a finite field F q . We compute the difference of valuations v (#E(F q k )) − v (#E(F q )), where k is a natural number and = 2, p is a prime number dividing #E(F q ) (Theorems 1, 2). Our result agrees with the predictions of Iwasawa Theory.
Under the given assumptions, v (#E(F q k )) − v (#E(F q )) > 0 only if v (k) > 0 or if k is divisible by the multiplicative order d of q in F * (see Proposition 2). Hence we can reduce the proofs to the cases k = or k = d. We also describe how the group structure of the -Sylow subgroup E[ ∞ ](F q k ) changes with k. Namely, if
E[
∞ ](F q ) ∼ = Z/ r Z × Z/ s Z with 0 ≤ r ≤ s and r + s ≥ 1,
we show how to determine integers r k , s k such that
On this regard, a partial answer appeared in [3, Proposition 6 .3] for k = . The case of ordinary elliptic curves with k = , q ≡ 1 (mod ) and t 2 −4q ≡ 0 (mod 2 ), for t the trace of Frobenius endomorphism, was covered in [4, Proposition 4.2] using pairings. The case of supersingular elliptic curves for k = d, q ≡ 1 (mod ) and for some other particular cases was set in [6, Section 4] .
Notation. For us, q is the power of some prime number p = 2, E is an elliptic curve over F q , = 2, p is a prime number such that | #E(F q ) and d is the multiplicative order of q in F * . We write the multiplication-by-m isogeny [m] as m.
A recurrence formula for #E(F q k )
The cardinality of E over a finite extension of F q is
where t k is the trace of the Frobenius endomorphism φ k of E over F q k (see [10, Theorem 2.3.1]), and
where φ k is the dual of φ k . By varying k, the traces t k (we set t = t 1 ) satisfy the recurrence
The first thing we do is to express (3) in terms of the cardinalities #E(F q k ).
The expansion of the rightmost factor is
which by (1) and (2) reduces to
On the -adic valuation of the cardinality of elliptic curves over
Proposition 2 above reduces our problem to two cases: extensions of F q of degree (see Section 3) and, only if q ≡ 1 (mod ), extensions of degree equal to the multiplicative order d of q in F * (see Section 4).
Increment of v (#E(F q ))
In this section we consider field extensions of degree k = .
Theorem 1. Unless = 3 and q ≡ 1 (mod 3) and #E(F q ) ≡ 3 (mod 9) hold, we have
For = 3 and q ≡ 1 (mod 3) and #E(F q ) ≡ 3 (mod 9), we have
, in which case we have
Proof. Let ξ be a primitive -th root of unity. Then the ideal ( ) factors in
, and by elementary number theory the corresponding valuations satisfy v () = 1 −1 v 1−ξ (). Therefore, by (1) and the factorization
Write q ≡q (mod ), so thatq ∈ {1, . . . , − 1}. Then
. Hence the second summand in (5) is 1 forq = 1 or 2 for q = 1, except possibly for = 3 = (1 − ξ) 2 (1 + ξ). In this case, let q − 1 ≡ 3x (mod 9), t + 1 ≡ 3y (mod 9) for x, y ∈ {0, 1, 2}. Then
But if v 3 (q − 1) < v 3 (t + 1) with w = v 3 (q − 1) ≥ 2, then x i = 0 for all 1 ≤ i < w, x w = 0 and y i = 0 for all 1 ≤ i ≤ w. Hence the increment is 2v
Their numbers of points over F q satisfy #E i (F q ) ≡ 3 (mod 9), for i = 1, 2, 3, 4. From Theorem 1 we deduce the increment of the 3-adic valuation of #E i (F q 3 ):
Lemma 1. For all our ,
Proof. Assume first q ≡ 1 (mod ). Since 1 + q + · · · + q 
Let E be ordinary and let n = v (#E(F q )) ≥ 1. Let φ k be the Frobenius endomorphism of E over F q k and let
Proof. i) Clearly from (2) we have t
Let f be the conductor of O = End(E) in the ring of integers O K . From [5, 14] and [7] it follows that the smallest exponent
otherwise. (6)
s Z with r ≤ s and n = r + s ≥ 1. For ≥ 5 we have:
For = 3 the group structure variation is the same as above except if q ≡ 1 (mod 3) and #E(F q ) ≡ 3 (mod 9), in which case
with s 3 = r 3 ≥ 2 or s 3 = r 3 + 1 ≥ 3.
Proof. i) Clearly Theorem 1 follows if both E[
(F q ) are cyclic. If (t, q) = 1, then by [8] or [11] neither r nor r exceed v (q − 1) = v (q − 1) = 0, so both subgroups are cyclic. If (t, q) = 1, then (t , q ) = 1 by the trace formula (3), and by [9] and [13] the only possibility is that both subgroups are cyclic.
ii) Let (t, q) = 1. Assume first
by Lemma 1, we see v (σ ) = 1. Therefore, again by Lemma 2 we have
which in terms of the conductors g i is
In view of (6), it is easy to deduce r = r + 1 from Theorem 1 and (8). Then by Theorem 1 we conclude s = s + 1 as desired. In case t 2 − 4q ≡ 0 (mod 2 ), (7) holds as well. Indeed, since t 2 − 4q = (q − 1) 2 − 2(q + 1)#E(F q ) + #E(F q ) 2 then v (t 2 − 4q) = 1 and n = 1. Then v (#E(F q )) = 3 by Theorem 1 and we deduce v (t 2 − 4q ) = 3. At this point the proof is the same as above.
If (t, q) = 1, then as in i) above the only possibility is E(
by Theorem 1. Assume now = 3. If some of the conditions q ≡ 1 (mod 3), #E(F q ) ≡ 3 (mod 9) do not hold, then the proof follows as above. In the exceptional case, if (t, q) = 1 the result appears in [6, Table 1 Theorem 2. Let E be ordinary and let q ≡ 1 (mod ).
Proof. Let n = v (#E(F q )). i) and ii) follow from Proposition 1. The same argument for iii) implies v (#E(
But this is not possible: by Lemma 2, v (t
as in the proof of Proposition 4 above. But then, since v (f ) = 0 the value of n contradicts (6).
Corollary 1. Let E be ordinary, let q ≡ 1 (mod ), and let
In the following example we illustrate ii) of Theorem 2 and Corollary 1.
Example 2. Let q = p = 10 10 + 19, = 7 and d = 3. Consider the elliptic curves
Conclusions
In this section we summarize our data for ≥ 5 and for an arbitrary degree k. As above, n = v (#E(F q )), w d = v (q d − 1) and we write the exponents of E[ ∞ ](F q ) as (r, s) with 0 ≤ r ≤ s and r + s ≥ 1. We set k = m τ d γ with m a natural number prime to and d, and τ, γ ≥ 0. Our results relative to #E(F q k ) are shown in Table 1 . The case k = τ can be seen as a simple instance of Iwasawa Theory for function fields of elliptic curves over F q and the Z -extension ∪ τ F q τ . In [12, Theorem 13.13 and pg. 130] one finds the prediction v (#E(F q τ )) = λτ + ν for τ sufficiently large, with 0 ≤ λ ≤ 2 and ν a constant. Increment  Exponents  Condition  2τ (r + τ, s + τ ) q ≡ 1 (mod ) τ (0, n + τ ) q ≡ 1 (mod ) and γ = 0 2τ + w d (w d + τ, n + τ ) q ≡ 1 (mod ) and w d < n and γ ≥ 1 2τ + n (n + τ, n + τ ) q ≡ 1 (mod ) and w d > n and γ ≥ 1 ≥ 2τ + n (n + τ, ≥ n + τ ) otherwise E supersingular Increment Exponents Condition 2τ
E ordinary
(r + τ, s + τ ) q ≡ 1 (mod ) τ (0, n + τ ) q ≡ 1 (mod ) and γ = 0 2τ + n (n + τ, n + τ ) otherwise Table 1 . Increment and exponents over an extension of F q of degree k = m τ d γ .
